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Abst ract - -The  stability of modified cross-grid elements for the approximation f the Stokes prob- 
lem using continuous piecewise linear polynomials to approximate v locities and piecewise constants 
to approximate pressures i proved. A key feature of the method is that the mesh for pressure is 
modified so that the method is stable without augmenting pressure jumps. A numerical test which 
confirms the stability and the optimal order error estimate is presented. (~) 2002 Elsevier Science 
Ltd. All rights reserved. 
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1. INTRODUCTION 
The object of this paper is to study some mixed finite element approximations of the Stokes 
problem 
-Au  + Vp = f, in ~, 
d ivu  = 0, in ~, (1.1) 
u = 0, on 0~. 
Here u is the fluid velocity, p is the pressure, f is the given external force, and fl is a bounded 
polygonal domain in R d, d = 2, 3. For a primitive variable formulation, the importance of ensuring 
the compatibi l i ty of the component approximations of velocity and pressure by satisfying the info 
sup condition is widely understood. In particular, it iswell  known that the conforming tr iangular 
P1 - P0 method (linear velocity, constant pressure) is not stable. For this lower-order method, the 
stabi l i ty is achieved in [1] by introducing a pressure jump operator into the discrete formulation. 
A number of results on the P1 - P0 method are also given in [2]. We will achieve, in this paper, 
the stabi l i ty of the P1 - P0 method in R 2 using a cross-grid tr iangular mesh for velocity and the 
associated mesh for pressure (which will be called the modified cross-grid P1 - P0 method). The 
stabi l i ty of the modified cross-grid P1 - P0 method in dimension 3 is also achieved. The precise 
definitions are given in the next section. For the stabil ity of the method, we use the macroelement 
technique [2-4]. The basic idea of the technique is to verify the local stabi l ity conditions which 
are sufficient for the overall stabi l ity of the method. The generalization of our analysis to cover 
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higher-order methods using a discontinuous pressure approximation is straightforward when the 
locally stabilized formulation is used (see Remark 2.3). A key feature is that the use of pressure 
jump operator could be avoided for the lower-order method. 
Let Ch denote a regular triangulation of ~ C R d, d = 2, 3, by triangles K in R 2 and by 
tetrahedrons in R 3 of diameter less than or equal to h. We denote by Vh a finite-dimensional 
subspace of H~(~) d and by Ph a finite-dimensional subspace of L02(ft) indexed by the mesh 
parameter h. Our notation is standard (cf. [5-7]). L02(~) denotes the subspace of L2(~) of 
functions with zero mean value. The norms in the Sobolev spaces  H l (~t )  d and L2(~t) are denoted 
by [[. [[1 and [[. H0, respectively. We use C for positive constants which are independent of h. 
Let us introduce the approximation scheme as follows: find (Uh,Ph) E Vh X Ph such that 
(VUh,•Vh) -- (divVh,Ph) ---- (f, Vh), YVh E Vh, 
(1.2) 
(divuh,qh) = O, Vqh E Ph, 
where (., .) denotes the L 2 inner product. 
It is well known that if the inf-sup condition 
(divv, p) > C (1.3) inf sup 
o~p~P,, o+v~Vh Ilvlll Ilpll0 
holds, then (1.2) has a unique solution (uh,Ph) E Vh × Ph with the error estimate 
Hu - Uhlll + lip -Philo <- C \vev,, ( inf I[u - vH1 + qeP,,inf [[p - ql[0), (1.4) 
where (u,p) • H](ft) d x L2(~) is the weak solution to (1.1). 
In Section 2, we establish the stability (1.3) for the modified cross-grid P1 - P0 method in R a, 
d -- 2, 3. The optimal order error estimate follows from (1.4) and the standard interpolation error 
estimates. A numerical test which confirms the stability and the error estimates i presented in 
Section 3. 
2. MODIF IED CROSS-GRID P1-  P0 METHOD 
IN ]R d, d = 2,3 AND STABIL ITY  ANALYS IS  
In this section, we will use the same terminology in R 2 and R 3. Let Ch denote a regular 
partitioning of a bounded polygonal domain ~ C R d, d = 2, 3, by triangles (tetrahedrons in R 3) 
of diameter < h. In the modified cross-grid P1 - P0 method, we use a special kind of regular 
t r iangulat ion C h which is obtained from a triangulation C~ of fl by dividing each triangle K r • C~ 
into d + 1 triangles inserting an interior vertex in K'  as in Figure 1. The set of all interelement 
edges (faces in R 3) for Ch and C~ will be denoted by Fh and F~. Then the finite element spaces 
of modified cross-grid P1 - P0 element in R d are defined by 
Vh = {v ---- (Vl,... ,Vd) • HI(~)d : Vlg • PI(K) d, g • Ch} (2.1) 
and 
Ph = {P • n02(fl) : Pig • Po(g), g • Ch, p is continuous across each E • F~}. (2.2) 
A4 
A1 A3 
A1 A2 
A2 
Figure 1. Macroelements for the modified P1 - Po method in R d, d ---- 2,3. 
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(a) Velocity mesh. (b) Pressure mesh. 
Figure 2. Meshes for modified cross-grid P1 - Po element with N = 4. 
REMARK 2.1. It is equivalent to use piecewise constant pressures on the associated mesh C + 
which consists of the boundary triangles together with interior rectangles, where each rectangle 
is a union of two triangles across each edge in F~ (cf. Figure 2). 
The stability of the modified cross-grid P1 - P0 method will be established using the macroele- 
ment technique of Stenberg [4]. Let us begin with a brief summary of the technique. 
Given any regular triangulation Ch, by a macroelement we mean a connected set M of adjoining 
elements K from Ch. Two macroelements M and M are said to be equivalent if there is a 
continuous one-to-one and onto mapping F : M --~ M such that F(K)  = [~ C ~/I and F[K is 
affine for each K C M. For a macroelement M, we define the spaces V0,M and PM consistent 
with Vh and Ph 
Further, we define 
V0,  M = {V E V h : v ----- 0 in fZ\M.}, 
PM = {P e Ph : P[M e L2(M)}. 
(2.3) 
(2.4) 
NM ~- {p E PM : (divv,P)M = 0, k/v E V0 ,M}.  (2.5) 
Let Mh be a macroelement partitioning from a triangulation Ch. The macroelement technique 
is given by the following. 
THEOREM 2.1. (See [4, Theorem 2.1].) Suppose that there is a fixed set of equivalence classes Ei, 
i = 1, 2 , . . . ,  q of macroelements, and a positive integer L such that: 
(M1) for each M EEi, i = 1,2,. . .  ,q, the NM is one dimensional, consisting of functions that 
are constant on M; 
(M2) each M E A4h belongs to one of the classes £i, i = 1,2,. . .  ,q; 
(M3) each K E Ch is contained in at least one and not more than L macroelements of A4h; 
(M4) each T E Fh is contained in the interior of at/east one and not more than L macroelements 
of A4h. 
Then the inf-sup condition (1.3) is valid. 
For the modified cross-grid P1 - P0 element, there is a natural macroelement partitioning Mh 
which is just the coarse triangulation C~. Then, A~Ih has only one equivalence class and satisfies 
Conditions (M2) and (M3) trivially. Moreover, we observe that the requirement of (M4) can be 
deleted for this A/lb. In fact, Condition (M4) is needed in Theorem 2.1 only to prove 
cllpll  < Ipl  < eLIIpll , (2.6) 
ME.,Ads, 
where 
and 
Ilpll  = tvpt 0 K + h /7 [Ipl]2 d8 
KECh TEFh 
KcM TErM 
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We further observe that (2.6) (which gives (2.8) of [4]) follows from 
<- z z 
TEFh M Efi~4h TEF  M Te Pj, 
(2.7) 
Now it is not difficult to see that A//h satisfies (2.7) without imposing Condition (M4), since the 
pressure jump vanishes across each edge of macroelement by the continuity condition of pressure. 
Thus, it remains to check Condition (M1) for the stability of the modified cross-grid P1 - P0 
element. 
Let As = As(x), 1 < i < 3, 
the points Ai = (xs, Ys, zi), 1 _ _ 
of x = (x, y, z) E R 2 be the barycentric oordinates with respect o 
< i < 3, which make a triangle K in R 2. It follows that 
| = I, (2.8) 
"1 X3 
[)~2,~ ,~">.,.yI y l  y3 y2 y3 J 
where As,x oh oh. = ~-~x  , Ai,u =~.  For the three-dimensional analog of (2.8), let )h = As(x), 1 < i < 4, 
of x = (x, y, z) E R 3 be the barycentric oordinates with respect o the points As = (xs, Yi, zi), 
1 < i < 4, which make a tetrahedron K in ](3. It follows that 
1ix x4 x2x4 x3x,] 
~2,x ~2,y )~2,z / Yl Y4 Y2 -- Y4 Y3 -- Y4 
~3,~ M,~ M,zJ Zl Z4 Z2--Z4 Z3--Z4 
=I ,  (2.9) 
where Ai,z = ~, . . . ,  Ai,z = ~z" Then the following lemma verifies Condition (M1). 
LEMMA 2.1. Let M C R d, d = 2, 3 be a triangle macroelement which consists of d + 1 triangles 
as in Figure 1. Let p E NM. Then we have PIM = constant. 
PROOF. 
THE CASE d = 2. Let Ks be the triangle with three vertices A0, As, Aj ,  Ak l  <_ i, j ,  k _< 3, where 
Ai indicates that Ai is omitted. Let p E NM and write Ps = P[K~. We want to show ps -- Pj, 
1 <_ i , j  < 3. Let f be the piecewise linear function on M such that f (Ao)  = 1, and f (A i )  = O, 
3 1 < i < 3. Consider u = (f, 0) E V0, M. Then ~~i=l(dlvu, pi)g~ ---- 0 and (2.8) (applied to each 
Ks) give us an equation 
(Yl - Y2)(Pl -P3)  + (Y2 - Y3)(P2 -P3)  = 0. (2.10) 
Similarly, by considering u = (0, f) ,  we obtain 
(Xl - X2)(Pl -P3)  + (x2 - x3)(P2 -P3)  = 0. (2.11) 
Solving the system, we have Pl = P2 -- P3. 
THE CASE d = 3. Let Ki be the tetrahedron with four vertices Ao, Ai, Aj ,  Ak, Al, 1 <_ i, j, k, l <_ 4, 
where Ai indicates that Ai is omitted. Let p E NM and write Pi = PIKe. We want to show Pi -- Pj, 
1 <_ i , j  _< 4. Let f be the piecewise linear function on M such that f (Ao)  = 1, and f (As)  = 0, 
4 1 < i < 4. Consider u = (f, 0,0) E V0,M. Then ~-~i=l(divu, ps)g~ = 0 and (2.9) (applied to each 
Ki) give us an equation 
[Y, Z]3,2, 4 (Pl -- P4) ÷ [Y, Z]l,3, 4 (P2 -- P4) + [Y, Z]l,4, 2 (P3 -- P4) = 0, 
where [y, z]i,j,k is defined by 
(2.12) 
[y, z]~j, k = yizj - yjz~ + YjZk -- ykzj + YkZi -- yizk. 
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Similarly, by considering u = (0, f ,  0) and u = (0, 0, f ) ,  we obtain 
[Z, X13,2, 4 (Pl --P4) -[- [Z, X]1,3,4 (P2 --P4) -~- [Z, x11,4,2 (P3 -P4)  = 0, 
and 
Ix, Y13,2,4 (Pl --P4) + [x, Y11,3,4 (P2 --P4) + [x, Y11,4,2 (P3 --P4) ---- 0. 
Combining (2.12)-(2.14), we obtain a linear system 
Xl -x4  Y l -Y4  Zl - z4  
x2- -x4  Y2--Y4 z2--z4 
x3 x4 Y3--Y4 z3--z4 
which implies Pl = P2 = P3 = P4. 
] 1[ 1 [i] 
P2 P4 = , 
P3 P4 
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(2.13) 
(2.14) 
(2.15) 
Moreover, for a convex polygonal domain f~ E R 2 an L 2 estimate for u - Uh follows from the 
Aubin-Nitsche argument using the a priori estimate 
[lull2 + [[PIll ~ C [[fl[o. 
THEOREM 2.2. Assume that the weak solution (u,p) to (1.1) satisfies u E H2(~) d and p E 
Hx(~).  Then, t'or the modified cross-grid P1 - Po method in N a, d = 2,3, the approximation 
scheme (1.2) has a unique solution (Uh, Ph) satisfying (1.3) and 
I[ u -  uhH1 + liP--Philo <-- Ch(lul2 + IP[1). 
For a convex domain f~ in ](2, we additionally have 
H u - uhll0 <- C h2 (lu[2 + ]P[1) • (2.19) 
REMARK 2.3. For the generalization to higher-order methods, we should augment he stabilizing 
term of pressure jumps in the approximation formulation. Then, for the resulting locally stabilized 
approximation scheme, we could establish the stability of the modified crossgrid Pk+l -Pk ,  k > 2, 
method in R 2 and the modified crossgrid Pk+2 -=Pk,k _> 2, method in R 3. See [1,8,9], for more 
details. 
(2.18) 
inf liP - q[t0 < Ch IPII, p E H 1 (fl) (2.16) 
qEPh - -  
inf Hu - vii , < Ch tu12, u E H2(f~) d. (2.17) 
vEVh 
for every macroelement M E A~h. According to Lemma 2.1, this implies that PlM is a constant. 
Since p is continuous across each inter-macroelement edge (or face) and p E L02(f~), p is a constant 
in f~ which should be 0. Therefore, we have Nh = {0}. 
The optimal error estimates for [I u -Uh  II 1 and IIP--Ph II o follow from the stability inequality (1.3) 
and from the following estimates (cf. [5,7]): 
(divv,p[M)M = 0, Vv E V0,M, 
REMARK 2.2. A more direct proof of the inf-sup condition (1.3) can also be given as follows. 
Let us define 
Nh = {p E Ph C L2(f~) : (divv, p) = 0, Vv E Vh}.  
Then the inf-sup condition is valid by the same argument as in the proof of Lemma 3.1 in [3], 
provided Nh = {0}. Now, to show that Nh ---- {0}, assume p E Nh. It follows that 
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3. NUMERICAL  TEST 
As a model problem, we consider the Stokes problem (1.1) in the rectangular domain  ~ = 
[0, 1] × [0, 11 C R 2, where the exact solution (u  = (ul, u2),p) is given by 
~1 (x, y)  = x 2 (1 - x )  2 y (1 - y)  (1 - 2y) ,  
u~ (x, y)  = -~ (1 - x)  (1 - 2z )  y2 (1 - ~)~,  
p (x,  y)  = 2 (x - y ) ,  
with the corresponding f = ( f t ,  ]'2). Let ft be tr iangulated as in F igure 2a with 6N 2 triangles, 
h = v /2 /N .  A piecewise l inear uh is approximated in this mesh, while a piecewise constant  Ph 
is approximated in the associated mesh as in Figure 2b. The numerical  results are given in 
Table 1. From the table, we observe the optimal convergence of order h both for t lu -  uhI}1 and 
for liP - Philo. Finally, the h2-order convergence for Ilu - Uhll0 can also be observed since Q is a 
two-dimensional  convex domain. 
Table 1. Numerical results. 
N 
2 
4 
8 
16 
32 
Ilu - uhllo Ilu - uh lh  l ip -  Philo 
0.002118 0.050093 0.121006 
0.001089 0.033708 0.049472 
0.000329 0.018452 0.022386 
0.000080 0.009569 0.010462 
0.000019 0.004856 0.005057 
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